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Abstract. We study the dimension spectrum of Lyapunov exponents 



^__( for rational maps on the Riemann sphere. 
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K> 1. Introduction 



Let /: C — 7- C be a rational function of degree d > 2 on the Riemann 
sphere and let J = J(/) be its Julia set. Our goal is to study the spectrum 
of Lyapunov exponents of f\j. Given x £ J we denote by xi^) and x{^) 
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the lower and upper Lyapunov exponent at x, respectively, where 
X(x) = hminf-log|(D'(x)|, x{x) = Umsup - log 

— n-!>oo n n-s>oo n 

If both values coincide then we call the common value the Lyapunov exponent 
at x and denote it by xi^)- For given numbers < a < /? we consider also 
the following level sets 

L{a,(3) = {x £ J: x{x) = a, x{x) = P} ■ 

We denote by L{a) = L{a,a) the set of Lyapunov regular points with 
exponent a. If q < /? then £(a,/3) is contained in the set of so-called 
irregular points 

Lirr = {x e J: x{x) < . 

Recall that it follows from the Birkhoff ergodic theorem that /i(£irr) = for 
any /-invariant probability measure fi. 

While the first results on the multifractal formalism go already back to 
Besicovitch [4J, its systematic study has been initiated by work of Collet, 
Lebowitz and Porzio [S]. The case of spectra of Lyapunov exponents for 
conformal uniformly expanding repellers has been covered for the first time 
in [2] building also on work by Weiss |26j (see [13] for more details and 
references). To our best knowledge, the first results on irregular parts of 
a spectrum were obtained in [3]. Its first complete description (for digit 
expansions) was given by Barreira, Saussol, and Schmeling [3j. 

In this work we will formulate our results on the spectrum of Lyapunov 
exponents in terms of the topological pressure P. For any a > let us first 
define 

F{a)'^^mUPf\j{-dlog\f\) + da). 

and 

FiO)'^ lim F(a). 

a-s>0+ 

Let [a~ , a'^] be the interval on which F ^ — oo (a more formal and equivalent 
definition is given in ^ below). 

Before stating our main results, we recall what is already known in the 
case that J is a uniformly expanding repeller with respect to /, that is, J 
is a compact /-forward invariant (i.e., /(J) = J) isolated set such that f\j 
is uniformly expanding. Recall that / is said to be uniformly expanding or 
uniformly hyperbolic on a set A if there exist c > and A > 1 such that for 
every n > 1 and every x G A we have |(/")'| > cA". Recall that a set A is 
said to be isolated if there exists an open neighborhood [/ C C of A such 
that /""(x) G U for every n > implies x € A. In our setting the Julia set 
J is a uniformly expanding repeller if it does not contain any critical point 
nor parabolic point. Here a point x is said to be critical if /'(x) = and to 
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be parabolic if x is periodic and its multiplier (f'^'^'^^^^y^x) is a root of 1. If 
J is a uniformly expanding repeller then for every a E [a~ , a"*"] we have 

dirndl L{a) = F{a) 

(see [2l[26]) and £(a) = if and only if a ^ [a", a+] [23]. This gives the full 
description of the regular part of the Lyapunov spectrum. Moreover, in this 
setting of a uniformly expanding repeller J, the interval [«",«"'"] coincides 
with the closure of the range of the function a{d) = —-j^Pf\j{—s log |/'|)|s=d 
and the spectrum can be written as 

FHd)) = ^ (P/|j(-cilog|/'|) + da{d)) = 
where a{d) is the unique number satisfying 

-^^Pflji-slog\f'\)\s=d = J log\f'\dfid = aid) 

and where fid is the unique equilibrium state corresponding to the potential 
— dlog |/'|. If log I /'I is not cohomologous to a constant then we have a~ < 
a~^, and a i— )• aF{a) and d i— )• Pj| j(— dlog |/'|) are real analytic strictly 
convex functions that form a Legendre pair. 
We now state our first main result. 

Theorem 1. Let f be a rational function of degree > 2 with no critical 
points in its Julia set J. For any a~ < a < /3 < a+, (3 > 0, we have 

dimn £(a, P) = min{F(Q), F(/3)} . 

In particular, for any a G [a^ , a^] \ {0} we have 

d[m}iL{a) = F{a) . 

If there exists a parabolic point in J (and hence F{0) > —oo) then 

dimn £(0) = dimn J = F{0) . 

Moreover, 

{x S J: x{x) < } = {x £ J: > a"*"} = 0. 

We denote by Crit the set of all critical points of /. Following Makarov 
and Smirnov |10t Section 1.3], we will say that / is exceptional if there exists 
a finite, nonempty set C C such that 

ri(S;)\Crit = S/. 

This set need not be unique. We will further denote by S the largest of such 
sets (notice that it has no more than 4 points). 

Theorem 2. Let f be a rational function of degree > 2. Assume that 
f is non- exceptional or that f is exceptional but S n J = 0. For any 
< a < (3 < we have 

mm{F{a),F{P)} < dimn £(«,/?) < max F{q) . 

a<q<l3 
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}=0 



If / is exceptional and S n J 7^ (this happens, for example, for Cheby- 
shev polynomials and some Lattes maps) then the situation can be much dif- 
ferent from the above-mentioned cases. For example, the map f{x) = — 2 
possesses countably many points with Lyapunov exponent —00, two points 
with Lyapunov exponent 2 log 2, a set of dimension 1 of points with Lya- 
punov exponent log 2, and no other Lyapunov regular points. Hence, for 
this map the Lyapunov spectrum is not complete in the interval [a~, a"*"] = 



The present paper does not provide a complete description of the irregular 
part of the Lyapunov spectrum even in the case S n J = 0. We do not 
know how big the set £(— cxd) is except in the case when / has only one 
critical point in J (in which case £(—00) consists only of the backward 
orbit of this critical point). Moreover, we do not know whether the set 
{x G J: x{x) < } contains any points other than the backward orbits 
of critical points contained in J and we only have some estimation for the 
Hausdorff dimension of the set £(a,/3) even for values a, /3 G [a~,a"'"]. 

The paper is organized as follows. In Section [2] we introduce the tools 
we are going to use in this paper. In particular, we construct a family of 
uniformly expanding Cantor repellers with pressures pointwise converging 
to the pressure on J (Proposition [l]) . Section [s] discusses general properties 
of the spectrum of exponents. In Section [4] we obtain upper bounds for the 
Hausdorff dimension. Here we use conformal measures to deal with coni- 
cal points (Proposition [2]) and we prove that the set of non-conical points 
with positive upper Lyapunov exponent is very small using the pullback 
construction (Proposition [3]) . In Section [s] we derive lower bounds for the 
dimension. To do so, we first consider the interior of the spectrum and we 
will use the sequence of Cantor repellers from Section [2] to obtain for any 
a G (a~, a+) a big uniformly expanding subset of points with Lyapunov ex- 
ponent a from which we derive our estimates. We finally study the boundary 
of the spectrum and the irregular part of the spectrum using a construction, 
that generalizes the w-measure construction from [8]. 



[log 2, 2 log 2]. 
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2. Tools for non-uniformly hyperbolic dynamical systems 

2.1. Topological pressure. Given a compact /-invariant set A C J, we 
denote by M(A) the family of /-invariant Borel probability measures sup- 
ported on A. We denote by Me (A) the subset of ergodic measures. Given 
/i S Me (A), we denote by 



Xin) = / log I /'I 
Ja 



the Lyapunov exponent of fi. Notice that we have xit^-) ^ for any fj, S 
M(J) [17]. 

Given d E M, we define the function ipd'- J \ Grit — )• M by 

(1) ^d{x)^^-d\og\f'{x)\. 

Given a compact /-invariant uniformly expanding set A C J, the topological 
pressure of ipd (with respect to /|a) is defined by 



(2) 



Pf\K{Vd) = max (h^,{f) + <fddA, 
' mgM{A) V 7a / 



where h^{f) denotes the entropy of / with respect to /i. We simply write 
M = M(J) and P{^Pd) = Pf\j{'^d) if we consider the full Julia set J and 
if there is no confusion about the system. A measure G M is called 
equilibrium state for the potential cpd (with respect to f\j) if 

Pi^Pd) = h^{f) + j^V^d dfJ-- 

For every d G M we have the following equivalent characterizations of the 
pressure function (see |21j . where further equivalences are shown). We have 

Pi'^d) = sup ihf,{f)+ / ipddfij 
(3) M6M+ V JJ J 

= supP/|A(v?d)- 
a 

Here in the first equality the supremum is taken over the set M^ of all ergodic 
/-invariant Borel probability measures on J that have a positive Lyapunov 
exponent and are supported on some /-invariant uniformly expanding subset 
of J. In the second equality the supremum is taken over all uniformly 
expanding repellers A C J. In fact, in the second equality it suffices to 
take the supremum over all uniformly expanding Gantor repellers, that is, 
uniformly expanding repellers that are limit sets of finite graph directed 
systems satisfying the strong separation condition with respect to /, see 
Section EH 
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Let US introduce some further notation. Let 

a- = lim -\p{ipd) = inf X(/^), 

a. 1 
a+ = hm --P{Lpd) = supx(^), 

q!-s>-oo a 

where the given characterizations follow easily from the variational principle. 
Recall that, given a > 0, we define 

(5) F{a) - inf (P(^,) + ad) 

a deM 

and 

(6) F(0)^=' lim F(a). 



Note that 



F(0) = 4 = inf{d: = 0}. 



2.2. Building bridges between unstable islands. We describe a con- 
struction of connecting two given hyperbolic subsets of the Julia set by 
"building bridges" between the setsjj 

We call a point x C J non-immediately post-critical if there exists some 
preimage branch xq = x = f{xi), xi = f{x2), ■ ■ ■ that is dense in J and 
disjoint from Crit. If / is non-exceptional or if it is exceptional but En J = 
then for every hyperbolic set all except possibly finitely many points (in 
particular, all periodic points) are non-immediately post-critical. 

We will now consider a set A that is an /-uniformly expanding Cantor 
repeller (ECR for short), that is, a uniformly expanding repeller and a limit 
set of a finite graph directed system (GDS) satisfying the strong separation 
condition (SSC) with respect to /. Recall that by a GDS satisfying the SSC 
with respect to / we mean a family of domains and maps satisfying the 
following conditions (compare [121 pp. 3, 58]): 

(i) There exists a finite family U = {U^ : k = 1, ■■■,K} of open connected 
(not necessarily simply connected) domains in the Riemann sphere 
with pairwise disjoint closures. 

(ii) There exists a family G = {gte- k,i £ {1, ...,K}} of branches of /^^ 
mapping Ui into Uk with bounded distortion (not all pairs k,i must 
appear here). 

Note that a general definition of GDS allows many maps g from each 
Ui to each Uk- Here however there can be at most one, since we 
assume that /-critical points are far away from A and that the maps 
g are branches of /~^. 

^This is a precise realization of an idea of Prado |15| . 
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(iii) We have 

oo 

We assume that we have /(A) = A and hence that for each k there 
exists i and for each i there exists k such that g^e G G. 

We can view k = 1, K as vertices and gki as edges from £ to of a 
directed graph T = T{U,G). 

This definition easily imphes that / is uniformly expanding on the limit 
set A of such a GDS, and that A is a repeller for /. Clearly A is a Cantor set. 
In fact a sort of converse is true (though we shall not use this fact in this 
paper, but it clears up the definitions). Namely we observe the following 
fact. 

Lemma 1. //Ac J is an f -invariant compact uniformly expanding set 
that is a Cantor set, then A is contained in the limit set of a GDS satisfying 
the SSC (this limit set can be chosen to be contained in an arbitrarily small 
neighborhood of A). Hence, A is contained in an f-ECR set. 

Proof. We can multiply the standard sphere Riemann metric by a positive 
smooth function such that with respect to this new metric p\ we have | /' | > 
A > 1 on A. It is easy to show that one can find an arbitrarily small number 
r > such that the neighborhood -B(A, r) = {z & C: paIz, A) < r} consists 
of a finite number of connected open domains Uk with pairwise disjoint 
closures. We account for our GDS the branches of g = f~^ on the sets 
Uk such that each g{Uk) intersects A. Then g maps each into some 
because it is a contraction (by the factor A~^). Hence the family of maps 
g\u^. satisfies the assumptions of a GDS with the SSC. □ 

In the proof of the following lemma we will "build bridges" between two 
ECR's. 

Lemma 2. For any two disjoint f-ECR sets Ai, A2 C J that both contain 
non-immediately postcritical points there exists an f-ECR set A C J con- 
taining the set Ai U A2. /// is topologically transitive on each Aj, i = 1, 2, 
then f is topologically transitive on A. 

Proof. Let Ai, A2 C J be two sets satisfying the assumptions of the lemma 
and let pi e Ai and P2 G A2 be two non-immediately postcritical points. 

Consider a family H-i = {Ui^k]k=i open connected domains and a family 
Gi = {gi^ki\ of branches of f~^ mapping Ui^£ to Ui^k that define the DGS's 
satisfying the SSC that have A, as their limit sets, for i = 1, 2, respectively. 
Let 

A = U Ui^k. 

k=l 
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We can assume that each Di is an arbitrarily small neighborhood of Aj, by 
replacing Uj by G"^(Ui), where by G"^ we denote the family of all composi- 
tions 

G'^ = {9i,kik2 ° 9i,k2k3 ° -■ ° 9i,km-ikm ' ft,fc„fe„+i € Gj, n = 1, . . . , m - l} . 
For each i = 1, 2 let us choose a backward trajectory yi^t of the point pi (the 
"bridge") such that 

Vifi = Pi, f{yi,t) = yi,t-i for t = 1, ti, 

yi,t ^ DiU D2 for ah t = 1, . . ., - 1 and m^ti G D2, y2,t2 ^ Di. Let us 
denote by hi^t the branch of /~* that maps pi to yj^t, that is, let 

, def 

Let Vi be an open disc centered at pi that is contained in Di and satisfies 
hi,t{Vi) n {Di U D2) = for all t = 1, ti — 1 (note that this is possible 
provided we choose Vi small enough) and 

hi,t,(Vi) C D2 and h2,t,{V2) C D^. 

Let us consider an integer N > such that the component of f~^{Di) 
containing pi is contained in Vi, that is, that 

/p-^(A) c Vi 

for i = 1, 2. Now let us replace Uj by Itj = G^{Ui), let us replace each map 

9i,k£ by the family of its restrictions to U G Uj contained in Ui and and let 
us denote by Gi the union of those families. This defines a GDS with graph 
Ti = Ti{Ui, Gj), for i = 1, 2. Now we restrict each bridge hi^t to the element 
Vi of Ui that contains pi. As the next step we consider 

Vi,t = htiV) for t = 1, ...,U + N-1, 
where for t > ti we choose an arbitrary prolongation of the bridge m^t 
by maps gj^kth+i- Finally, we consecutively thicken slightly Vi^t along the 
bridges such that /(^,t) D For each t let us denote by gi^t the branch 

of /^^ from Vi^t to Vi^t+i for t = 0, ti + N — I. Let us denote by Hi the 
family of all these branches. By construction the family of domains 

lt'=?:'UlUU2U IJ IJ Vi,t 

i=l,2t=l,...,t^+N-l 

and the family of maps G == Gi U G2 U Hi U H2 form our desired GDS with 
a graph F = FCU, G) satisfying the SSC and hence defines an /-ECR set 
A C J that containes Ai U A2. 

Finally notice that this system has topologically transitive limit set A 
since its transition graph F is transitive. This follows from the assumption 
that due to topological transitivity of f\\^ the graphs Fj are transitive and 
from the construction of the bridges. □ 
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2.3. Hyperbolic subsystems and approximation of pressure. Our 

approach is to "exhaust" the Juha set J by some family of subsets Am C J 
and to show that the corresponding pressure functions converge towards the 
pressure of f\j. In particular, in order to be able to conclude convergence of 
associated spectral quantities, it is crucial that each such is an invariant 
uniformly expanding and topologically transitive set. 

We start by stating a classical result from Pesin-Katok theory. In follows 
for example from [22, Theorems 10.6.1 and 11.2.3]. Recall that an iterated 
function system (IFS) is a CDS that is given by a complete graph. 

Lemma 3. For every ergodic f -invariant measure fi that is supported on J 
and has a positive Lyapunov exponent, for every continuous function (/> : J — t- 
M and for every e > 0, there exist an integer n > and an f^-ECR set 
A C J that is topologically transitive and a limit set of an IFS, such that 
dimn A > dimn ^ — e 



(7) Pf-\K{Sn(t^) > + nJcj)d^i-ne, 

where we use the notation Sn4>{x) == (j^i^) + 4'{f{^)) + • • • + cl){f^~^{x)), and 
in particular 

(8) ^flUkZoPi^)^^^ - ^^'■■^^ ^ / 

Our aim is to apply Lemma|3]to potentials (j) = ipd and to use the resulting 
ECR sets to construct a sequence of /'^'"-ECR sets A^ on which the pressure 
function ^Pfa„^\/^^{Sa^(pd) converges pointwise to P{(pd)- If the ECR sets 
generated by Lemma [3] are pairwise disjoint, we can simply build bridges 
between such sets applying Lemma [2] In the general situation we start with 
the following lemma. 

Lemma 4. Let A be a topologically transitive f^-ECR set. Let (/){: A ^ 
M be a finite number of continuous functions. Then for any open disc D 
intersecting A and for any e > one can find a set A' C DCiA and a natural 
number £ > such that A' is an f^-ECR set and for every (f)i satisfies 

jPft\A'{Sl(t)i) > -Pf,i\\{Sn4>i) -£■ 

Proof. Consider in A a clopen set C contained in D. Let x £ C. Let us 
choose N large enough such that in the case that i > N and /~^(C)nC / 
the pullback satisfies f~^{C) C C. Note that it is enough to take 

log diam A 

> 

Pa{C,A\C) log A' 

where A is the expanding constant on A in the metric p\ defined as in the 
proof of Lemma [!} Note that the topological transitivity of /"I a implies that 
every pullback of C can be continued by a bounded number of consecutive 
pullbacks until it hits C, say this number is bounded by a constant A^'. This 
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way we obtain an IFS for where N < £ < N + N' , with its hmit set A' 
contained in C. 

Recall the equivalent definition of tree pressure established in [21i The- 
orems A, A. 4]. Due to topological transitivity in the definition of pressure 
we can consider separated sets that are contained in the set of preimages 
{x). Therefore, for any i?i>j the pressures with respect to /|a' and with 
respect to /|a differ by at most 0{^) from each other. As can be chosen 
arbitrarily big, this proves the lemma. □ 

The following approximation results are fundamental for our approach. 

Proposition 1. Assume that f is non- exceptional or that f is exceptional 
but S n J = 0. Then there exists a sequence {am}m of positive integers 
and a sequence Am C J of f^"^ -invariant uniformly expanding topologically 
transitive sets such that for every d G M, we have 

(9) P{ipd) = lim -^i^/«m|A„(5a„(^d) = sup -'-P/a,„|A^(S'a„V9d)- 

m— >oo Qm rn>l 

For every a G (a~,a^) we have 

(10) = 1™ Fm[a) = sup Fm{(y) 

m-s>oo m>l 

and 

(11) lim a~ = inf a~ = a~, lim = sup = a"*", 

m— >c« m>l m— >oo m>l 

where Fm and are defined as in ^ and Q but with ^Pf'^m\A^(,Sa„-,(t>) 
instead of Pj\^j{(f)). 

Proof. To prove ^ it is enough to construct an /'*™-ECR set A^ C J such 
that 

(12) —Pf^^\KjSa^^d) > P{Vd) - - 

am ' ™ m 

for all d G [— m, m]. Recall that we have (3|. As d i— )• P{^Pd) is uniformly Lip- 
schitz continuous, we only need to check ( 12 ) for a finite number of potentials 
'/'i = ^di- Given m, we apply Lemma [3] to potentials (pi, obtaining a family 
of /"^-ECR sets Am,i on which the pressure ^^/"i|A„,,(5'n,;0i) > -P(0i) - 
2^. We then apply Lemma [i] to construct a family of pairwise disjoint 
/'-ECR sets A^ ■ that satisfy j:Pf^\A' {Si,(t)i) > P{(t>i) - ^. Those sets 
A^^ are also disjoint /"™-ECR sets for Om = Hi^* by our assumption 
contain non- immediately post-critical points. Hence we can consecutively 
apply Lemma [2] to them. We obtain an /"'"-ECR set satisfying (12) for all 
This proves 

As d^ P{(pd) and a 1— >• aF{a) form a Legendre pair, ( 10 ) and ( 11 ) follow 
from ([9| by a result of Wijsman [27] . □ 
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Remark 1. It is enough for us to work with hyperbohc sets for some it- 
erations of / instead of hyperbohc sets for / (in other words, to use ([7| 
instead of Q). However, notice that we could instead also extend the set 
l}i=o^ fi^m) to an /-ECR set using Lemmajlj 

2.4. Conformal measures. The dynamical properties of any measure v 
with respect to /|j are captured through its Jacobian. The Jacobian of u 
with respect to f\j is the (essentially) unique function Jac^f determined 
through 

(13) i^{f{A))= [ Jacufdiy 

J A 

for every Borel subset A of J such that /{a is injective. In particular, its 
existence yields the absolute continuity v oT ^ u. 
A probability measure v that satisfies 

Jac^/ = e^(^'')-^'* 

is called e^^'^'^^~'^'^ -conformal measure. If d > then one can always find a 
g^(</'ti)-'/'d_(,Q]2formal measure Vd that is positive on each open set intersecting 
J, see [21] • When d < such a measure can always be found if / is not an 
exceptional map or if / is exceptional but S n J = (see |21l Appendix 
A.2]). 

2.5. Hyperbolic times and conical limit points. When f\j is not uni- 
formly expanding, we can still observe a slightly weaker form of non-uniform 
hyperbolicity. We recall two concepts that have been introduced. 

A number n G N is called a hyperbolic time for a point x with exponent 
a if 

\if''yir~Hx))\ > e'^" for every 1 < k < n. 

It is an immediate consequence of the Pliss lemma (see, for example, [14j) 
that for a given point x £ J, for any a < x(x) there exist infinitely many 
hyperbolic times for x with exponent a. 
We denote by 

T^- , I def \g'{x)\ 

Ulst g\z = sup 

x,yez \9 {y}\ 

the maximal distortion of a map g on a set Z. After [6], we will call a point 
X £ J conical if there exist a number r > 0, a sequence of numbers oo 
and a sequence {Ui}i of neighborhoods of x such that f^^{Ui) D B{f^^^{x),r) 
and that Dist/"'|[/. is bounded uniformly in i. 



3. On THE COMPLETENESS OF THE SPECTRUM 



In the following two lemmas we will investigate which numbers can occur 
at all as upper/lower Lyapunov exponents. 
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Lemma 5. We have 

{x £ J: xix) > a^} = 0- 
// J does not contain any critical point of f then we have 

{x G J: x(a^) < a } = 0- 
Proof. Consider an arbitrary x £ J and a sequence Ui co such that 



1 rii-l 

hm- Vlog|/(/^(x))|=x(x) 



i=o 
and 



1 '2 

dof r \ 

= - ^Pi^) 

in the weak* topology. The hmit measure n is /-invariant, [25^ Theorem 
6.9]. Define 

gN = max{log l/'l, -iV}. 

Notice that {gN}N is a monotonically decreasing sequence of continuous 
functions that converge pointwise to log|/'|. Hence we obtain 



< lim gNdfi= / log |/'| dfi = < a"* 



where the equality follows from the Lebesgue monotone convergence theo- 
rem. This proves the first statement. 

The second statement follows simply from the fact that log |/'| is contin- 
uous on J if / has no critical points in J. □ 

Remark 2. We remark that the same method of proof gives a slightly 
stronger result than the fact that xi^) ^ ct~^ for every x. Namely we have 

lim sup -log I (/"/(z) I < a+, 

zee n 

see [191 Proposition 2.3. item 2]. 

Recall that on a set of total probability we have xi^) ^ In fact, 
a better estimate can be given for any Lyapunov regular point x (compare 
the proof of [201 Proposition 4.1]). 

Lemma 6. If x £ J has a finite Lyapunov exponent xi^) then xi^) ^ ck"? 
that is, we have 

{x € J: — oo < x{x) < a } = 0. 

If there are no critical points in J then L{—oo) is empty. If there is only 
one critical point in J then L{—oo) consists only of this critical point and 
its preimages. 
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Proof. Let x £ J he a Lyapunov regular point with exponent x(^) a.nd as- 
sume that x{^) < a~ . It is enough for us to prove that there exists a periodic 
point with Lyapunov exponent arbitrarily close to xi^)^ the contradiction 
will then follow from the definition of a~ . 

Note first that if x{x) exists and is finite then ^ log must be a 

Cauchy sequence and hence satisfies 

(14) liminf-logp(/''(x),Crit) = 0. 

n— >oo n 

By |17l Corollary to Lemma 6], we then can conclude that x(^) ^ 0- Choose 
now a small number 5 > 0. Let n be a hyperbolic time for x with exponent 
—6/2 (recall that x has infinitely many hyperbolic times with that exponent, 



and hence that n can be chosen arbitrarily big). Because of ( 14 ), there exists 
an integer no > such that for all A; > no we have 

(15) Pifix), Crit) > exp(-M) 

and we can assume that n > uq. 

We start with a construction that is standard in Pesin theory. For each 
A; = 0, . . ., n — no — 1 we define 

Bk = B(r-^ix),e^-^''+^^^+^^^ 



where d is the greatest degree of a critical point of /. This way we define 
a sequence of balls that are centered at points of the backward trajectory 
of /"(x) and that have diameters shrinking slower than the derivative of 
f^^ along this branch and at the same time have diameters much smaller 



than their distance from any critical point. As we have ^(x) G Bj., (15) 



implies that for n big enough for any k < n — no the set f AB^) does 



not contain any critical point and that 
(16) logDist/7i_,_,,^Js, < K,- ^^^^^^ 



'/"-"-Hxy^k - ^p(/n-fc(3.)^crit)' 
where Ki is some constant that depends only on /. 

Claim: If n is sufficiently big then for any k = 0, . . ., n the map is 
univalent and has bounded distortion < exp{6/2) on the set /7„'lfc/ -.(Bq) 

and satisfies f'^{Bk) D Bq. 

To prove the above claim, note that the ball Bn_k shrinks as n increases. 
Hence, it is enough to prove the statement for k < n — uq. The statement 
for the initial finitely many steps k = n — uq, . . n is then automatically 
provided n is big enough. Let us assume that n is sufficiently big such that 
also 

/^i(n-no)e-'^"^ < J. 



14 



KATRIN GELFERT, FELIKS PRZYTYCKI, AND MICHAL RAMS 



By construction of the family {Bk}k and by (15), for each ^ > 1 we have 
^ diami?fc ^ ^i-id+i)n+k)5 



'dnS 



p(/"-'=(a;),Crit) ^ e(-''+k)S 



Hence, if for £ < n — no we have f^{Bk) D Bq for every k = 1, — 1 

then (16) imphes 

logDist/-l,(^)|B„ < Ki^e--^"^ < ^. 

On the other hand, recaU that n is a hyperbohc time for x with exponent 
-6/2. Hence, if 

logDistZ-jL^^^^lfio < - 

then f^{B^) D Bq. The above claim now follows by induction over £. 
Let us consider the set 

E'^ n U^^' where UB(/^(Crit),e-2'^^^). 

k>ie>k j=l 

Notice that Bq \ En is nonempty whenever the hyperbolic time n is big 
enough. For such n, let y €z Bq\ En- From our distortion estimations for 
fx^lso ill the Claim we obtain 

(17) ,„gi(/rww)Uj, 

!(/.-")'(■!/) I 2 

In the remaining proof we will follow closely techniques in [20^ Section 
3]. Let us fix some arbitrary /-invariant uniformly expanding set A C J 
that has positive Hausdorff dimension (the existence of such a set follows 
for example from Lemma [s]). As Crit is a finite set, we have dimA-E = 
and we can find a point z G A\E. In particular z G A\En for n large. Note 
that in particular for every n large enough we have 

(18) p(z,r(Crit))>e-2'^"^ 

and hence on the disk B{z, e~^'^"'^) any pull-back is univalent. 

By [18, Lemma 3.1], there exists a number K2 > depending only on / 
and a sequence of disks {-Dj}j=i,...,_ft' such that IJi=i connected, y is the 
center of disk Di , z is the center of disk Dk , 

n 

;9(A,|J/' (Crit)) > diam A, 
i=i 

and the number of disks is bounded by X < K2{nbY^'^ ■ By the Koebe 
distortion lemma, for each branch of and for every Di we have 

Dist/-"ii,, <i^3, 
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where > is some constant. Hence, in particular 

I log I (/-'^)' (z) I - log I (/-")' (y) 1 1 < log 
for some w S Together with (|17|), this implies that 

1 



n 



iog|(r)'(x)i-iog|(r)'Mi 





1 


< 






n 




1 


< 






n 



whenever n has been chosen large enough. 

By hyperbolicity of /|a, there exist positive constants A and K4 such that 
for all £ > the map is univalent and has bounded distortion < K4 on 
B{f^{z), A). Recall that the Julia set J has the property that there exists 
m = m(A) > such that the image f^{B{f^{z), A) n J) is equal to J. 

Let i be the smallest positive integer such that | {f^)'{z)\ > K^Ae'^'^^'^'^"^^^ . 
Hence f-^{B{f{z), A)) C e-2<i{'^+™)5) and it is easy to show that 
£ < + KqIu + m)S for some constants K^, Kq. So in particular, one 
of the preimages is in B{f^{z),A) and the corresponding pull- 

back W = f-{n+m)i^^(^^^^-2d(n+m)S^-^ satisfies W C B{f{z),A). It follows 
from (fTsl) that /-{"+™+«) : W B{z, e-2("+'^)'5) ig univalent and hence that 



there is a repelling fixed point p = B{z,e ("+™+^). 

Using the above, the Lyapunov exponent of p can be estimated by 

x{p)= ^\ j og|(r+-+7(p)i 

n + m + 1 

< -log|(r)'(«;)| \ + ^^±l^suplog|/'| 

- V"^^"^ + 2 ) l + {m + l)/n + ;^T^ 
Now recall that the hyperbolic time n can be chosen arbitrarily large and 
that 5 was chosen arbitrarily small. This proves the first claim of the lemma. 

If there are no critical points in J then log |/'| (and hence x) is bounded 
from below. The remaining claim of the lemma follows from [7, Lemmas 2.1 
and 2.3]. □ 

4. Upper bounds for the dimension 

In this section we will derive upper bounds for the Hausdorff dimension 
of the level sets. We first start with a particular case. 

4.1. No critical points in J. We study the particular case that there is no 
critical point in the Julia set J (though, parabolic points in J are allowed). 

We start by taking a more general point of view and investigate those 
points that have some least degree of hyperbolicity. In terms of Lyapunov 
exponents, this concerns points x with xi^) > 0- We begin our analysis by 
presenting a simple lemma, that will be useful shortly after. 
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Lemma 7. Let {onjn be a sequence of real numbers such that {on+i — a„}„ 
converges to zero but {an}n does not have a limit. Then for any natural 
number r and for any number q G [liminf„_j>oo > li™ sup^^g^ a„] there ex- 
ists a subsequence oo such that 



and for every k we have 



lim Onfc = q 



Proof. We will restrict our hypothesis to the case that r = 1. The general 
case then follows from considering the subsequence {arn}n- 

First note that every number q £ [liminf an,,limsupan] is the limit of 
some subsequence of {an}n- Hence, if g / liminfa„ then for every e > 
there must exist infinitely many numbers m = m{e) such that 

am < q- e < Om+i- 

Similarly, if g 7^ lim sup On then for every e > there must exist infinitely 
many numbers m = m{e) such that 

am < q + e < Om+i- 

Since we assume that the sequence {a„}„ does not have a limit, q must satisfy 
one of the abovementioned properties. Hence, if we choose a decreasing 
family {efcjfc and for each Sk one of the corresponding numbers Uk = m{ek), 
we obtain 

Iflnfc — q\ < £k + Wnk — Onfc-ll — ^ 0. 

The second part of the assertion is immediately satisfied. □ 

Lemma [7] will help us to establish some bounded distortion properties. 
The following result implies in particular that every point x with > 



is conical (recall the definition of a conical point in Section 2.5). 



Lemma 8. Assume that J does not contain any critical points of f . Let 
X £ J be a point with xi^) > 0- Then there exists a number K > such that 
for every q € [xl^;), x(2;)] \ {0} there exists a number 6 > and a sequence 
nfc — )■ oo such that 

i) lim - log\{f"^y{x)\=q, 

ii) Dist/"''|^-„,^^^^„^^^.^^^^^ <K. 

Here K is a universal constant, while 5 depends on the number q but not on 
the point x. 

Proof. As J does not contain any critical point, the only accumulation points 
in J of the orbit of some critical point can be parabolic points. Let r be the 
least common multiplier of the periods of all parabolic points in J. 
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Given a number q G [xi^], xi^)] \ {0}) there exists a number 6q > such 
that if y G J is ^o-close to some parabohc point then 

-log|(/7(2/)l<^- 
r 2 

Further, there exists a number 6i > such that if z G J is Jo-^'Way from any 
parabohc point then no orbit of a critical point passes through B{z, 26i). 

To prove the claimed property, it will suffice to find a sequence {n^,}/;, 
for which i) is satisfied and for which f"''=(x) is in distance at least 6q from 
any parabolic point. Indeed, in such a situation the backward branch of 
/~"*=(-B(/"'=(x), 2(5i)) will not catch any critical point and the distortion 
estimations ii) will follow from the Koebe distortion lemma. 

If X is a Lyapunov regular point and q = lim„_>oo ^ log is its 

Lyapunov exponent (which, by our assumptions, must be positive) then the 
claim i) is automatically satisfied. In this case we just need to choose rik 
such that /"''(x) is far away from any parabolic point. Note that there must 
be infinitely many such times because otherwise the Lyapunov exponent 
at X would be no greater than q/2. 

If X is not a Lyapunov regular point, then we apply Lemma [7] to the 
sequence 

a„ = -log|(r)'(x)|. 
n 

Notice that lim„_!.oo (fln+i — On) = is satisfied, because there are no critical 
points in J and hence |/'| is uniformly bounded. Hence, from the first 
assertion of Lemma [7] we obtain a sequence {nk}k that satisfies i). Notice 
that we have 

an,+r = ^^a„, + ^_log|(r)'(rHx))| < ^^a„, + ^—^ 

whenever /"'=(x) is (5o-close to some parabolic point. This inequality cannot 
be true for big (when a„j. is already close to q) because of the second part 
of assertion of Lemma [7j This proves that for any time Uk large enough the 
point /"'=(x) is 5o-away from any parabolic point. □ 

We are now prepared to prove an upper bound for the Hausdorff dimen- 
sion of the level sets under consideration. To start with the most general 
approach that will be needed in the subsequent analysis, we first study a 
set of points x for which x(^) > and for which additionally the Lyapunov 
exponent (possibly with respect to some subsequence of times) is guaranteed 
to be within a given interval [a,/?]. Let us first introduce some notation. 
Given < a < /3, /3 > 0, let 

(19) 2{a,{3) = {x G J: x{x) < /3, x(x) > a, x(x) > 0}. 

Proposition 2. Assume that J does not contain any critical points of f. 
For every /3 > and < a < (3 we have 

dimH£(a,/3) < max F{q). 

a<q<l3 
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If a > or (3 < a~ then £(a, /3) = 0. 



Proof. By Lemma |8j for every point x G £(a,/3) there exist a number q = 
q{x) € [a, f3] \ {0}, a number 6 > 0, and a sequence {n^lfc of numbers such 
that 

(20) hm ^log|(r'=)'(x)|=g. 

fe— ^oo Ti/j 

and 

(21) 26\{f^''y{x)\-'K-'<diamf-^'^{Bif^>^{x),6))<26\{f^''y{x)\-'K. 

Recall that for every d G M there exists a exp (P{ipd) — (/9rf)-conformal 
measure i^d that gives positive measure to any open set (see Section 2.4). 
Hence there exists c = c{5) > such that for every we have c < 
i'diB{f"'''{x),6)) < 1. Using again the distortion estimates, we can con- 
clude that 

(22) ci^-'^e-'^^^^^'') I (/"*)' (x)r'^ 

< Ud{f-^>'{B{f^''{x),6))) < KV"'=^('^'')|(r'=)'(:E)|-^ 

which imphes that 

hm -log r/,(/-"H5(rn^),'^))) = -Pi^d) - dq 

and in particular that this limit exists. Hence, there exists > such that 
for every Uk > N we have 

u4f--''{B{f-^{x),6))) 

> e-'^'=^(^'')|(/"fc)'(x)r°' 

> (diamz-^H^crn^),^)))" ( ^ ' ' 



Here we used Lemma |8| to obtain the last inequahty. Applying (20) and (21 ) 
we yield 

(23) d^/x)<^+d. 

For any qo G [a, f3], qo > 0, and e > there exist a small interval (qi, (72), 
qi > 0, containing qo and a number d G M such that for all q £ {qi, 52) 

g 1—100 it = — 00. 

We can choose a countable family of intervals {{q[^\ q2^)}i covering [a,/3] \ 
{0} and a sequence of corresponding numbers {di}i. Defining the measure 
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we obtain 



< mid (x) < max F{q) + e, 

i>l » oc<q<l3 



where the second inequahty follows from (24). Applying the Frostman 
lemma we obtain that 

diniH £(a, /3) < max F{q)+e 

a<q<l3 

Since e can be chosen arbitrarily small, this finishes the proof of the first 
claim. The second claim was already proved in Lemma [5] □ 

Note that for every q £ [a, /3], q > 0, we have £(a,/3) C L{q,q), which 
readily proves the following result. 

Corollary 1. Under the hypotheses of Proposition^ we have 
dimH£(a,/3) < min F{q) = min{F(a), F(/3)}. 

a<q<l3 

In particular, for every a > 0, we have 

dim}iL(a) < F{a). 

4.2. The general case. We now consider the general case that there are 
critical points inside the Julia set. 

We need two technical results from the literature. The first one is the 
following telescope lemma from |16j . Recall the definition of hyperbolic 



times given in Section 2.5 



Lemma 9. Given e > and a > 0, there exist constants Ki > and Ri > 
such that the following is true. Given x £ J with upper Lyapunov exponent 
x(x) > a, for every number r < R\, for every n>l being a hyperbolic time 
for x with exponent a, and for every < k < n — 1 we have 

diam/-'^+'= {B{f^{x),r)) < r K,e-^^->^^^'^-'l 

To formulate our second preliminary technical result we need the following 
construction, see [H EOj |21] . 

Fullback construction: Fix some n > and let y G ^\(jr=i /*(Crit). Fix 
some R > and let {yi}^^i be some backward trajectory of y, i.e. yo = y 
and yj+i G f~^{yi) for every i = 1, . . ., n — 1. Let ki be the smallest integer 
for which fy^^{B{y, R)) contains a critical point. For every ^ > 1 let then 

kiJ^i be the smallest integer greater than k^ such that fy^^^^^ ^'^\B{ykt, R)) 
contains a critical point and so on. In this way, for each backward branch 
{yi}i we construct a sequence {ke}(^ that must have a maximal element not 
greater than n. Let this element be k and consider the set Z of all pairs 
(yfe, k) built from all the backward branches of / that start from y. Let 
N{y, n, R) = #Z. We have the following estimate, see [211 Lemma 3.7] 
and [20l Appendix A]. 
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Lemma 10. Given e > 0, there exist K2 > and R2 > such that for all 
R < R2 we have 

N{y, n, R) < i^ae"^ 

uniformly in y and n. 



Recall the definition of conical points in Section 2.5, Using the above two 
lemmas we can now show the following result. 

Proposition 3. The set of points x £ J that are not conical and satisfy 
xix) > has Hausdorff dimension zero. 

Proof. Let us choose some numbers ci > and e > 0. Let 

r^='^;^min{i?i,fl2}, 
where Ki and Ri are constants given by Lemma |9] and where R2 is given 



by Lemma 10 



We can choose a finite family of balls of radius 3r such that 

any ball of radius 2r intersecting J must be contained in one of the balls 
Bi. In the case that we can prove existence of a sequence {njjj such that 
f fk?\ ^\B{f^^{x),2r)) does not contain critical points for any < /c < 
Ui — 1, the Koebe distortion lemma will imply that x is a conical point for 
r, {ni]i, and Ui = f-^^{B{f^^{x),r)). 

Let G(m, a) be the set of points x £ J with upper Lyapunov exponent 
greater than a for which with r chosen above for all n > m the backward 
branch of /~" from ball i?(/"(x),2r) onto a neighborhood of x will neces- 
sarily meet a critical point, that is, for some 0<A;<n — Iwe have 

fJ,%]'\B{f^{x),2r)) nCvit ^ 0. 

First we claim that dimn G{m, a) = 0. Let us denote by G{m, a, n) the 
subset of G(m, a) for which n > m is a hyperbolic time with exponent a. 
Recall that > cr > implies that there exist infinitely many hyperbolic 
times for x with exponent a. Hence, we have 

(25) G{m,a)= p| |J G{m,a,n). 

mo>m n>mo 

Let j; G G{m, a,n). Let Bj = 3r) be the ball that contains 2r). 



We will apply the "pullback construction" for Lemma 10 to the point y, the 
numbers n, R = ^mm{Ri, R2}, and to the backward branch J^"". And 
let k = max£ kg and yk be given by the pullback construction (compare 
Figure [T]) . 

We first note that Lemma [o] and p{f"'{x),y) < r imply that 

p{f''-Hx),yk)<rK,. 
This implies B{f^~^{x),2r) C B{yk,R) and hence k > n — m because x G 



G{m, a). Thus, with fixed n and Bj, by Lemma 10 the point x must belong 



to one of at most iC2e"''^(deg preimages of Bj. As B{y,3r) C i?(x,4r) 
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Q. 

o 

"D 




(deg f) branches 
Figure 1. Fullback construction starting from the point y. 



and 4r < Ri, by Lemma |9] this pre- image of Bj has diameter not greater 
than 8ririe-"('^-^). 

Hence we showed that every point in G{m, a, n) belongs to the nth pre- 
image of some ball Bj along a backward branch for that k > m — n (where 
k = maxiki is as in the pullback construction). Thus, by Lemma [9] the set 
G{m, a, n) is contained in a union of at most LK2e^^ {deg /)™ sets of diam- 
eter not greater than 8r i^ie""*^'^"^-'. Using those sets to cover G{m,a,n) 



and applying (25), we obtain 



dimn G{m, a) < 



a 



As £ can be chosen arbitrarily small, the claim follows. 

Finally note that the set of points that we want to estimate in the propo- 
sition is contained in the union 



171=1 n=l 



[m, -). 



Since for any set in this union its Hausdorff dimension is zero, the assertion 
follows. □ 
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Note that in the above proof we were able to show something more. 
Namely notice that the choice of r depended on a alone (and not directly 
on the point x) . 

We are now prepared to prove the following estimate. 

Proposition 4. Let < a < /3 < . We have 



dimn /3) < max < 0, max F{q) 
y a<g</3 

Proof. Let a and /3 be like in the assumptions and let x G £(a,/3). By 
Proposition [3] we can restrict om considerations to the case that x is a 
conical point with corresponding number r > 0, sequence {n^jfe, and family 
of neighborhoods Hence, there exist numbers 5 > and K > 1 such 

that 

(26) 26\{ny{x)\-'K-'<diamf-^^{B{r>'{x),6))<26\{ny{x)\-'K. 

Choosing, if necessary, a subsequence of {nk}k, we can find q = q{x) G [a, f3] 
for which we have 

(27) hm ^log|(r'=)'(x)|=g. 

fe— ^oo Tlj^ 

Recall that for any d G M there exists a exp (P^ipd) — (/'d)-conformal mea- 
sure frf that gives positive measure to any open set that intersects J (see 



Section 2.4). Hence there exists a number cs > for which for every rik we 
have Cs < frf(i?(/"'=(x), 5)) < 1. Using again distortion estimates, we can 
conclude that 

(28) ce-"^^(^<^)i^-i|(r'=)'(x)r'^ 

< z.,(/-"H^(rH^),'5))) < e-^''^<^^^^K\{nnx)\"'. 

The rest of the proof is similar to the proof of Proposition [2] First we obtain 
that for every d G M we have 

d,^{x) < +d. 

Choosing the right number d, we then conclude that d^^{x) < F{q). We 
finish the proof by constructing a measure such that for an arbitrarily small 
chosen number e and some number q G [a, /3] the lower pointwise dimension 
of that measure at every x G L{a, f3) is not greater than F{q) + e. □ 

Remark 3. Notice that in the general case, in which we do have critical 
points in J, for a point x G J with x{x) < xi^) we cannot apply the 



same techniques as in Section 4.1 In particular, in the above proof for 
each point x G £(a,/3) we only know that there exists some number q = 
q{x) G [x{x)tX{x)] to which the Lyapunov exponents over some subsequence 
of times {nk}^ will converge, while in Proposition [2] we were able to take an 
arbitrary number q in that interval. Hence, to show the following result we 
can only consider the set L{a) = L{a,a) and not ^{q,q) for an arbitrary 
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number q G [a,/3], and the following corollary is weaker than Corollary [TJ 
However, the implications for the regular part of the spectrum remain the 
same. 

Proposition |4] and L{a) = £(a,a) readily imply the following result. 
Corollary 2. For a S [a~,a+] \ {0} we have 

dimH£(a;) < F{a). 

5. Lower bounds for the dimension 

In this section we will derive lower bounds for the Hausdorff dimension. 
We will either assume that / is a non-exceptional map or that / is excep- 
tional but Sn J = 0. Recall that under those assumptions Proposition [T] is 
valid, so we can approximate the pressure with respect to /| j with pressures 
that are defined with respect to a sequence of Cantor repellers /°'"|a„ that 
were constructed in Section 12. 3[ 

One more case we would like to exclude is a~ = a"*" = a. It is not very 
interesting because in this case any measure supported on any hyperbolic 
set Am C J has Lyapunov exponent a. Hence we automatically have 



dimn £(a) > sup Fmia) 

m>l 



and the supremum on the right hand side is in this case equal to F{a). 
Therefore, in the following considerations we will assume that a~ < a^. 

5.1. The interior of the spectrum. We use the sequence of Cantor re- 
pellers to obtain for any exponent from the interior of the spectrum a big 
uniformly expanding subset of points with Lyapunov exponent a that pro- 
vides us with an estimate from below. 

Proposition 5. For a G (a^,a^) we have dimn £ (a) > F{a). 

Proof. Let us consider the sequence of Cantor repellers /"""lAm from Propo- 



sition 1 By (11), for each number a+ > a > a there exists niQ > 1 such 



that > a > for every m > niQ. Obviously we have 
dimn £ (a) > sup dimn £(a) H A^. 

m>l 

Since Am is a uniformly expanding repeller with respect to /'^'", for any 
exponent a £ (a~,a^) there exists a unique number q = q{a) G M such 
that a = —-;^j^Pf'^m\A^{(ps)\s=q{a) ^iid an equilibrium state iJ,q for the 
potential (with respect to Z"™ | a„ ) such that the Lyapunov exponent of 
Hq with respect to is equal to amO- (compare the classical results in the 
introduction). For the measure 

i=0 
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we have xi^m) = ct- Hence, the variational principle implies 
: : G Me ( U f (A„)) , xii^) = «} 

i 

1 



max ■ 



> 



m 



- i^Pp^^lJ^miSar^fd) + da) 



[a 



We obtain that dimn i' = ^^(^j,) whenever v is an /-invariant ergodic Borel 
probability measure with positive Lyapunov exponent This implies 

that for every m > tjiq 

a 



dimH£(a)n|Jf(Am) >max{^^: i/GME(|Jf(Am)),xM = «] 



From here the we can conclude that dimH'C(a) > sup^>]^ -Fm(a). Together 
with Proposition [T] the statement is proved. □ 

5.2. The boundary of the spectrum. Unfortunately, the above approach 
does not suffice to analyze the level sets for exponents from the boundary of 
the spectrum. Our main goal in this section is to prove the following result. 
It will not only enable us to describe the boundary of the spectrum but also 
provide us with dimension lower bounds for level sets of irregular points. 

Theorem 3. Let {Ai}i be a sequence of subsets of J. We assume that each 
Ai is a uniformly expanding repeller for some iteration f"""^ and contains non- 
immediately postcritical points. Let be a sequence of Holder continuous 
potentials and let be a sequence of equilibrium states for (pi with respect 
to /"'|a,- Then 



dimn <^x £ J: xi^) = li™iiifx xi^) = linisupx(/Uj) } > lim inf dimn /^i 
and 

dimp "I X G J: x(x) = liminf x(Mi); x{^) = liiiisupx(/Wj) \ > lim sup dimn 



We derive the following estimates for level sets that include exponents at 
the boundary of the spectrum. 

Proposition 6. For < a < /? < we have 

dimn > max F{q). 

a<q<l3 

Proof. The claimed estimate follows from Theorem [3j 

We can also observe that for every q G (a, j3) we have £(a, /3) D q) = 
<C{q). Hence we can apply Proposition [5] to derive dimn £((7) > F{q) and 
prove the claimed estimate. □ 
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Proposition 7. For a < a < P < a+ we have 

dimH£(a,/3) > min{F(a), 

Proof. Since we assume a~ < a^, there exists a sequence {Aj}j of uniformly 
expanding repellers and a sequence of equilibrium states for the po- 

tential — log|/'| with respect to /|a- such that dimn Mi = -P(x(A*i)) arid 
a = limj^oo x(/^2j) and /? = limj_j.oo x(/"2t+i)- Theorem [s] then implies that 

£(a,/3) = {x G J: x(a;) = a,x(2;) = /3} > liminf F(x(/Ui)). 

Since liminfj_j.oo Fixif^i)) ^ ™in{-F'(a), this proves the claimed esti- 

mate. □ 

Recall that a point x is said to be recurrent if /"'(x) — t- x for some 
sequence rii oo. 

Corollary 3. Assume that J does not contain any recurrent critical points 
of f, that f is non-exceptional, and that F{0) ^ — oo. Then we have 

dimn £(0) = dimn J = F{0). 

Proof. Proposition [T] implies that dimH£(0) > -F(O). As F{0) 7^ —00, the 
pressure function d 1— )• P{^d) is nonnegative and F{0) = inf{d: P{fd) = 0}. 
Since J does not contain any recurrent critical points of /, we can apply |241 
Theorem 4.5] and conclude that infjd: P{^Pd) = 0} = dimn J- D 

To prove Theorem [3} we will construct a sufficiently large set of points 
that have precisely the given lower/upper Lyapunov exponent. Note that 
such a set will not "be seen" by any invariant measure in the non-trivial 
case that lower and upper exponents do not coincide. Also points with 
Lyapunov exponent zero, though Lyapunov regular, will not "be seen" by 
any interesting invariant measure. Our approach is to show that such a set 
is large with respect to some necessarily non-invariant probability measure. 
It is generalizing the construction of so-called w-measures introduced in |5 
for which we strongly made use of the Markov structure that is not available 
to us here. 

A technical lemma. In preparation for the proof of Theorem [3] we start with 
some technical result that will be usefull shortly after. 

Lemma 11. Let (7: C — >• C be a conformal map and A C C be a compact 
g-invariant hyperbolic topologically transitive set, // a g-invariant ergodic 
measure on A with Lyapunov exponent x = x(m); entropy h = h^{g), and 
Hausdorff dimension d = d(fi). Let V be an open set of positive measure fj,. 
Lf'j is small enough then for any e > for /i-almost every point v € A there 
exist a number K > and a sequence {n^jj .such that for each Ui there is a 
set Fn^ <ZV f^ A such that for all yj E F„. 

i) a'^'iVj) = V, 

ii) exp(m(x — e)) < |(5'"')'(%)| < exp(m(x + s)) for all m < Ui, 
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iii) the branch Qy^"^ mapping v onto yj extends to all B{v,^) and the 
distortion of the resulting map is bounded by K, 

iv) we have 

/^f U 5;/'(i?K7))) >K-\ 

v) for j ^ k we have 

p (^gp{B{v,^)),g-^^^{B{v,j))) > R-' di8.mg-p{B{v,^)), 

vi) for any x & V and r > we have 

//ji?(x,r)n U g;;^iB{v,^))\ KKr"-', 

vii) we have 

j^-l^-n(h+e) < ^ (^gp{B{v,j))) < e^^^'^-'l 

Proof. As ^Ia is uniformly expanding, there exist numbers 7 > and ci > 
such that for every n > 1, y e A, v = f"'(y) G A, and a backward branch 
gy^ mapping v onto y for every xi, X2 G B{v,j) we have 

and in particular the mapping extends to all of B{v,^). Moreover, there 
is some constant C2 > not depending on n or y such that 

diam gy"'{B{v,j)) < C27. 

We assume that 7 is so small that for any two points x, y with distance from 
A and mutual distance < C27, for any point x' G g~^{x) there is at most 
one point y' G g~^{y) such that p{x',y') < C27. This is true for any small 
enough number 7 because A is in positive distance from any critical point 
of g. Let V C V he such that B{V, C27) C V and that V is nonempty and 
of positive measure, which is possible whenever 7 is small enough. 

Notice that B{v, ^^"^) has positive //-measure for /x-almost every v. 
Choose such point v and let 

U'^bL^X U'^Bivn). 



Let 



Let e > 0. There is a set of points A' C A with p{A') > 1 — S (actually, it 
can be chosen to have arbitrarily large measure) and a number A'^ > 1 such 
that: for every n> N and for every x E A' we have 
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(CI) 



^# {fe G {0, . . . , n - 1} : g\x) G C/ n a} - ^i{U) 



n 

,n\l 



(C2) \log\{g^y{x)\-nx\<ne, 

(C3) |log 3aCf^g'^{x) — nh\ < ne, 

(C4) for r < diamA we have 

fi{B{x,r)) < csr'^^^. 

Here (CI), (C2) simply follow from ergodicity, (C3) is a consequence of the 
Rokhlin formula and ergodicity, and (C4) follows from the definition of the 

dimension d{p,). 

We choose now a family {En}n>N of subsets of A' such that for every 
n > N the set En is a maximal (n, ^^j)-se]3a.Tated subset of A'. Given 

n>N, let Vn = En fl V. For each n > let 

Fn = {xeVn:g-'\U)ciV]. 

For every Zj G F„ let Vn,j = g~^{U). Obviously, all the sets Vnj are pairwise 
disjoint. 

By (CI) the trajectory of every point from V (1 A' visits U at some time 

n > N {in fact, at infinitely many times). Let x be such a point and n 
be such a time, that is, g^{x) G U. Because En is maximal, x must be 
{n, ^;^^7)-close to some point zj G En- Hence we have 

g-{zj)eB(^g-{x),^j^CU 

and 

X eVnj C g;;{U) C B{x,C2^) CV. 
This shows that Zj G This together with (CI) implies that 



n— 1 



\JViA >(/x(C/)-£)nMA') 



and hence, as it is satisfied for all n > N, we obtain 

j 

for infinitely many £ > N. This gives us a sequence of times = £ and 
points yj = g~'^^{v) for which the assertion of the lemma is true. Indeed, 
g~J^^{U) and g'^^^{U) for j ^ k are disjoint because we are in a sufficiently 
large distance from Crit. We also know that those maps gz"'''\u have uni- 
formly bounded distortion. Recall that U = B{v,^), which implies that 
g~"-^{B(v,^/2)) and g~^^(B{v,'j/2)) for j ^ k are not only disjoint but in 
distance that is comparable to the sum of their diameters and v) follows. 
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Figure 2. Finding yj 



Further properties i) and iii) are checked directly from the construction. 
Moreover, vi) follows from (C4), iv) follows from our choices of I, ii) from 
(C2) and vii) from iv) and (C3). □ 

Construction of a Cantor set. We now continue with some preliminary con- 
structions that will be needed in the proof of Theorem |3j 

As a first step, we are going to construct "bridges" between the repellers 
Aj (compare Figure [s]). This is very similar to the proof of Lemma [2] though 
here we will not necessarily require that the repellers are disjoint. To fix 
some notation, let {(i?i,6j)}j be a collection of bridges, that is, let 

Bi = B{zi,ri) C B{Ai,ji), 

where the numbers r j , bi, 7^ and the points Zi are appropriately chosen such 
that /^'Ib^ is a homeomorphism and that 

fii+i{f^{Bi))>0, /»(z,)gA,+i, 

and 

p{f{Bi), Crit) > 5i for every l<k<bi. 
The particular choice of the numbers and points will be specified in the 



following so that we are able to apply Lemma 11 to the each of the sets Aj 
and the maps g = f^^. 

Let us outline the following Cantor set construction. Lemma [TT] enables 
us to select sufficiently many preimages for each of the disks Bi (as we 
choose Bi C B{vi,^i) and then select preimages g~'^'-{vi) using the lemma). 
The construction of this Cantor set is easily described in terms of backward 
branches: at level i we start with the disk Bi, apply Lemma [TT] and find 
a large number of components of f~°'^^^{Bi) in f^^^^{Bi-i), then we go 
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backwards through the bridge obtaining the components in -Bj-i. We repeat 
the procedure in Bi-i, . . ., Bi. 

Given the sequence of uniformly expanding repellers /"'Ia^ with equihb- 
rium states //j with Lyapunov exponent xif^i) and entropy h^^{f'^') (both 
with respect to the map /"'), let us denote 



and 
Let 



./='|(/0'(^.)|, t/='Dist/»|B. 



Wi= inf \f'{x)\, W'^snp\f'{x)\. 

x: p(x,Crit)>(5i xeJ 



The constants ji can be chosen to be arbitrarily small (at the cost of decreas- 
ing Tj and increasing bi, thus changing ti and Sj accordingly). In particular 
we can choose each 7j sufficiently small such that Lemma [TT] applies to the 
map g = f""^ and the set Aj. Let 



Vi=B{A,,li) and Vi+i = r{B,). 

We choose a fast decreasing sequence {ei}i. We will denote by Ki the 
numbers Ki = K{Ai, fii, Vi,£i,Vi) as given by Lemma [IT] (for g = where 
we choose each point Vi S Aj such that Bi C B{vi,^i). Let Ai = fy^"'^^^{Bi) 



for one point yj and ni as provided by Lemma 11, We have Dist/"^"^!^^ < 
Ki and for every x £ Ai and m < rii we have 



(note that ni can be chosen to be arbitrarily big, as guaranteed by Lemma 11 ). 

We apply Lemma 11 now to A2, H2, V2, £2, V2, g = /"^, which pro- 
vides us with a family F2 G f''"'''^{v2). Let Igj = /y7'"n-B(w2, 72)) for 
Uj £ ^2- Those sets are contained in the set V2 = f^^{Bi). We also have 
Dist /"^"^l^^, < K2 and for every x G A2j and m < n2 we have 

Such sets will be used later to distribute the w-measure accordingly. It 
provides us also with a family of sets A2j C A2j such that /"^"■^(^2j) = 
Such sets will be used later to define our Cantor set on which the w-measure 
is supported. 

We repeat this procedure for every i, using Lemma 11 repeatedly: for ev- 
ery i > 1 we find a family C {vi) and the corresponding components 
Aij of f~"''-"'^{B{vi,ji)) contained in Vi that satisfy 

p{Aij,Aik) > Kr^ diam Ay, j / k, 

and for every x G Aij and m < rii 

j^-l^aim{xi-ei) ^ |(/"'™)'(x)| < /^^e"*"**^'^*"'"'^'-' 
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= B(z^,r^) 




and 



Figure 3. Connecting the hyperbolic sets by bridges. 



Distr-"%.. <Ki. 



In addition, by Lemma [IT] iv) we have 



U4 >Kr\ 



and by Lemma 11 vi) for any x G Vi and r > we have 



Hi iB{x,r) n[jAj <Kir'^'- 



Note here that for every z > 1 we have 

ri Si < diam T/j+i < Si U 

Let 



nii = ^ {aknk + bk) 



k=l 

Let A2j be the component of Ai D f-'^^{A2j) for which /"i"i(A2j) C Bi. 

Similarly, let be the component of ^(j-i)ji...jj_2 f~^^~^i^iji-i) 

for which J C Bi_i. 

The sets 

h—3i-l 

form a decreasing sequence of unions of topological balls. Moreover, the pair 
{A{i-i)n...j,_2^{^ih-h-2k]k) is an image of (Vi, {Aik]k) under a branch of 
the map /""^'"S the distortion of that branch is bounded by 

i-l 

Ki-i = JJ Kktk, 

k=l 
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^37 7 



^37/ \ A, 




Figure 4. Local structure of the Cantor set A 



and the absolute value of its derivative is between 
(30) 



k=l k=l 

{Ki, Li, Li depend on i only). We can now define the Cantor set 

(31) ^=n^^ 

i>l 

(compare Figure |4]). We will summarize its geometric and dynamic proper- 
ties in the following lemma. 

Lemma 12. The above defined set A possesses the following properties: 

i) (Lyapunov exponents on the islands) for x £ Ai and k < Ui we have 

K-^^aMx^-e^) < |(/"»^)'(/'^-i(x))| < /^ie""^(^'+"^\ 

ii) (Lyapunov exponents on the bridges) for x £ Ai and k <bi we have 

Wi < i(/'')'(/™^-^+"''''(x))i < 

iii) we have 

Kr^Kr_\Li^,rie-'''^^^^^+'^^ < diam^i,,, < i^,Ki_iL,_ir, e-'^^'^'te"^'), 

iv) there are at least exp{aini{hi — Ei)) sets Aij-^^^j._-^ contained in every 

set ^(j-l)ji...ji_2; 

v) for any ki^i / and any . .,ji-2 we have 



32 



KATRIN GELFERT, FELIKS PRZYTYCKI, AND MICHAL RAMS 



vi) we have 



[JA^^ >K-\ 



3 



vii) for any x & Vi and r > we have 

Hi B{x,r) n\J A,j I < K,, 



ri —F 



viii) we have 



Additional assumptions on {ni}i and properties guaranteed by Lemma 11 
will enable us to estimate the Hausdorff and packing dimensions of the 
constructed set and describe the upper and lower Lyapunov exponents at 
each point. This will be done in the following. 

Construction of a w-measure on the Cantor set. We continue to consider the 



Cantor set A constructed in (31). Let ^ be the probability measure which 
on each level i is distributed on the cylinder sets Aij^, j._-^ of level i in the 
following way 

(32) KAn-n^,) ^^{A.^ln...n-^ ^'':^, ■ 

We extend the measure /i arbitrarily to the Borel a- algebra of A. We call the 
probability measure a w-measure with respect to the sequence {/|a, , ^i, Mi}*- 

After these preparations, we are now able to prove Theorem [3| We will 
continue to use the notations in the above construction of the set A. 

Proof of Theorem In the course of the following proof we will choose some 
sequence {ek}k and then construct a sequence of positive integers {njjj. Here 
each of those numbers has to satisfy several conditions that depend on 
{ek}ki the parameters of the hyperbolic sets {Ak}k and the measures {/ifcjfc, 
and the previously chosen numbers nj, j = 1, 2, . . ., i — 1. Naturally, it is 
always possible to satisfy all those conditions at the same time. 
We will first check that the Cantor set defined in (|31|) satisfies 

A C £ ^ liminf li™sup 

(under some appropriate assumptions about Then we will estimate 

the Hausdorff and packing dimensions of A using the w-measure yu defined 



in (32) 



Let us first consider the Lyapunov exponent at a point in the set A. Let 

= -iog|(r)'(x)|. 

n 
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For n < aini we have 

e f XI - £1 - - logi^i - 0(^),xi + ei + - logK, + 
\ n n n n 

We know that f^^^^{x) stays in distance at least 5i from the critical points 
for every k <bi. Hence, for aiui < n < airii + bi we have 

(33) inix) = ^ia.nd^) + "^^^OQlogWiD 

n n 

and for ni big enough (in comparison with logiTi and &i|logtt;i|) the right 
hand side of (33) is between xi ~ 2ei and xi + For m^-i < n < 

rrii-i + ajfij we have 

mj_i 



^n(x) 



Wi(^) + -iogi(r-'"'-)'(r-H^))i + o(-) 

71 n n 



while for mj_i + ajnj < n < rrii we have 

= ^£^,_,(x)+-iog|(r"-y(r'-Hx))i+ ^""'^-^""^^' o(|iog^.i). 

n n n 



Estimating the second summand using Lemma 12 i) and the third one using 
Lemma 12 ii) and assuming that rii is big enough (in comparison with 
billogWil, Oi+i, and logiCj), we can first prove that 

\(m,{^) -Xi\ < 2ei 
(by induction) and then prove that for all uii < n < mj+i we have 



inix) 



rrii n — nrii 

— Xi H Xi+i 

n n 



< 2{£i + £i+l). 



As the upper (the lower) Lyapunov exponent of x equals the upper (the 
lower) limit of in{x) as n — )• oo, we have shown that every point x € A 
satisfies 



X{x) = liminf x(Ati) 



X[x) 



lim supx(Aii) 



Let us now estimate the Hausdorff and packing dimensions of the set A. 
To do so, we will apply the Frostman lemma. Let us calculate the pointwise 
dimension of the measure fj, defined in (32) at an arbitrary point x £ A. 
Notice that we can write 



1=1 



for some appropriate symbolic sequence (jij2---)- Lemma 12 v), the 
ball B(x,r) does not intersect any of the sets AjA;i...fc,_i if ki...ki-i 7^ 
ji . . . jj_iwhenever we have 

r < Ri{x) = K^\K~'^ diam^j 
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Consider Ri^i{x) < r < Ri{x). We have 

^i+ijl...j,_ifenB(a;,r)^0 



Let Di =^ max£ diam j4j+i We continue with 



< 



(^+A))). 



Using Lemma [l2| vi) and vii) we can estimate 

li{Bix,r)) < f,iAi,,,„,^_,)K,+,fii+,{B{mx),Lr\r + D,))) 

(34) < (r + D^f-^^-^^ . 
Let 

(35) ^ = 



Using Lemma 12 vi) and viii), we can now estimate the first factor in (35) 
and we obtain 



^ /^(^fc-lil...ifc_2) 



k=2 



< - ^ {aknk{hk - Ek) + logKfc) < -aini{hi - 2ej 



k=2 



provided that we assume that rii has been chosen big enough (in comparison 
with Ofc, nfc, log Kk^ k < i). For the second factor in (35) we yield 

i 

-log Li = ^logsfc + logtk + akUkixk + Sk) < aiUiixi + 2ei). 

k=l 

provided that we assume that rii has been chosen big enough (in comparison 
with ttk, Uk, log Kk, and Sk, k < i). This implies that 

log E = aiUiXi (di+i - di) +niO{£i, Ej+i). 
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Further, using (30) and Lemma 12 iii) we obtain 



R. 



■i+l 



< Kf Kf^^ Yl e^"'^* 



fc=i 



and hence 



In addition, by Lemma 12 iii) we have 

logi?i+i = aj+ini+i(xj+i + 0{ei+i)) 

and 

log A < -a,+ini+i{xi+i +0{£i+i)). 

assuming that rii has been chosen big enough. To estimate (34), we consider 
now the two cases: a) that r < Di and b) that r > Di. In case a) we have 
that 

li{B{x,r)) < E {2Diy'+^-^'+K 

Note that the the right hand side of this estimate no longer depends on r 
and hence, 
(36) 

m 



\ogii{B{x,T)) ^ log (H • (2A)'^'+^-"'+0 ^ ^ 



logr 

In case b) we have 
and hence 



logi?i+i V^-i+l 

fi{B{x,r)) < H (2r)'^'+i-^»+i 



+ di+i + 0{ei+i). 



logfi{B{x,r)) ^ log(H- (2r)'^»+i-^'+i) 
log r ~ log r 

We again need to distinguish two cases: If dj+i > di, then 

logn{B{x,r)) log fi{B{x,Ri)) . , . ^ ^ 

(37) > > di + 0{ei,ei+i), 

log r log Ri 

while in the case di > dj+i we have 

^^g^ log KBjx,r)) ^ log^,{Bjx^,R.^,)) ^ ^^^^ ^ ^ 



logr 



logi? 



i+l 



ni+i 



+ 0{ei,ei+i] 



The estimations (36), (37), and (38) prove that if the sequence {nj}j in- 
creases fast enough then for every x E yl we have 

dn{x) > liminf and dfj_{x) > limsupdj. 
Hence, applying the Frostman lemma, we obtain 



dimn A > lim inf di and dimp A > lim sup di , 



and hence the assertion of Theorem |3] follows. 



□ 
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